We derive explicit expressions for the sum rules of the eigenvalues of inhomogeneous strings with arbitrary density and with different boundary conditions. We show that the sum rule of order N may be obtained in terms of a diagrammatic expansion, with (N − 1)!/2 independent diagrams. These sum rules are used to derive upper and lower bounds to the energy of the fundamental mode of an inhomogeneous string; we also show that it is possible to improve these approximations taking into account the asymptotic behaviour of the spectrum and applying the Shanks transformation to the sequence of approximations obtained to the different orders. We discuss three applications of these results.
Introduction
In this paper we consider the problem of obtaining exact results for the spectral zeta functions of inhomogeneous strings at positive integer values:
where E n are the eigenvalues of the string, obeying different boundary conditions at the extremities. Remarkably, the exact calculation of Z(s) for integer values of s does not require the explicit knowledge of the spectrum, as we have recently pointed out in Ref. [1] . However, the main focus of Ref. [1] was on the possibility of obtaining a perturbative expansion for Z(s) for s > d/2 (d is the number of dimensions) and use it to evaluate the Casimir energy of the system via its analytic continuation. Here we restrict our analysis to the one dimensional problem, aiming at obtaining an explicit expression for the sum rule of arbitrary integer order n. The extension of these results to higher dimensions is discussed in a companion paper [2] .
As we have pointed out in [1] there is a good number of examples in the literature where sum rules have been obtained for different problems [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18] : in particular Berry [5] and Crandall [10] have used the sum rules for the modes of certain two dimensional billiards and of one dimensional quantum problems respectively to obtain approximations to the fundamental mode of these systems. For the case of a quantum bouncer, Crandall has obtained the energy of the fundamental mode with a fractional error of 10 −9 , using the sum rule of order 30. In this paper we show that it is possible to obtain an explicit expression for the sum rule of a string with arbitrary density, and provide a simple set of diagrammatic rules which allow one to write down the expression. The actual calculation can be conveniently carried out with the help of a computer and therefore sum rules of high order can be efficiently calculated. We show that very accurate approximations for the energy of the fundamental modes can be obtained using a sequence of sum rules. We discuss the application of these results in three examples.
The paper is organized as follows: in Section 2 we derive the general expression for the sum rule of order n and state a set of diagrammatic rules for Z(n); in Section 3 we discuss the application of the general results of Section 2 to three non-trivial problems; finally, in Section 4 we state the conclusions.
Exact sum rules
In this section we derive exact sum rules for inhomogeneous strings subject to different boundary conditions. We consider strings of length a (|x| ≤ a/2) and density Σ(x) (Σ(x) > 0).
The Helmholtz equation for the inhomogeneous string is
where E n and ψ n (x) are the eigenvalues and eigenfunctions of the string. At the extremities of the string, x = ±a/2, the eigenfunctions ψ n (x) fulfill DirichletDirichlet, Neumann-Neumann, Dirichlet-Neumann, Neumann-Dirichlet or periodicperiodic boundary conditions. Defining
Therefore E n and φ n (x) are the eigenvalues and eigenfunctions of the her-
; the inverse operator isÔ
Alternatively we may define ξ n (x) ≡ −
φ n (x), which fulfills the equation
In this case E n and ξ n (x) are respectively the eigenvalues and eigenfunctions of the hermitian operatorQ ≡ −
; its inverse operator
• the operatorsÔ andQ are isospectral and solving any of the eqs.(2), (3) or (4), is equivalent to solving the remaining two equations;
• the eigenvalues ofÔ andQ grow quadratically in n for n → ∞, E n ∝ n 2 ;
• the spectrum of the inverse operators is bounded both from above and from below, 0 < 
for s = 1, 2, . . .; because of this invariance the trace may be evaluated in any basis, in particular in the basis of an homogeneous string, |n :
• because of the asymptotic behavior of E n for n → ∞, the trace above is finite for s = 1, 2, . . .;
For practical purposes it is convenient to express Eq.(6) directly in terms of the Green's functions of the negative 1D Laplacian, subject to different boundary conditions.
The one dimensional Green's functions have the general form
where
In Appendix A we report the explicit expressions for the Green's functions for different boundary conditions. Using these Green's functions we are able to write the spectral zeta function at s = 1, 2, . . . as:
An equivalent expression for Z(n) is easily obtained using the "x-ordered" product of the Green's functions:
where we have defined the n-point Green's function
and
For example:
We write explicitly G up to order 5:
We can therefore calculate Z(n) with the diagrammatic rules:
• Draw n points x 1 , . . . , x n on a line;
• Connect each point to any two other points in all possible inequivalent ways excluding the disconnected diagrams and the diagrams corresponding to a cyclic permutation of the points;
• Associate a density Σ(x i ) at each point x i (i = 1, . . . , n);
• Associate a factor G + (x i , x j ) to each line connecting x i to x j (i < j);
• Multiply the result by a factor 2n, corresponding to the n cyclic permutations of each inequivalent configuration and to the 2 possible directions in which each diagram can be traveled;
• Integrate the expression obtained from the steps above over the internal points:
It is easy to convince oneself that working to order n there are n!/2n = (n − 1)!/2 independent diagrams (for n > 2). For example in Fig.1 we plot the diagrams for G(x 1 ), G(x 1 , x 2 ) and G(x 1 , x 2 , x 3 ); in Fig.2 we plot the diagrams for G(x 1 , x 2 , x 3 , x 4 ): in this case there are 4!/8 = 3 inequivalent diagrams.
We can now use any of the Eqs.(6), (8) or (9) to evaluate the sum rules for the string, although Eq.(9) is to be preferred for practical purposes, because of its simple diagrammatic representation 1 . It is particularly simple to evaluate Z(1), which reads
Therefore we obtain the interesting relations:
where Σ ≡ 1 a +a/2 −a/2 Σ(x)dx is the average density of the string. Apparently these simple relations have not been found previously.
The diagrammatic rules that we have enunciated allow one to obtain the spectral zeta functions of a string at large integer values using a computer; as we shall see soon, these sum rules are useful since they allow one to derive approximations to the energy of the ground state.
As early as 1776, Waring in his "Meditationes Analyticae" considered the roots α, β, γ, . . . of an equation (with α > β > γ > . . .) and discussed the convergence of (α 2n + β 2n + γ 2n + . . .) 1/2n towards the largest root α 2 . This result may be expressed as [5] 
Little later, in 1781, Euler used the inequalities
to approximate the lowest Bessel zero (see also [19, 20, 5] ). Berry [5] and Crandall [10] have used these formulas to obtain precise approximations to the energy of the ground state of certain systems: in particular, Berry in Ref. [5] has introduced a "semiclassical zeta approximation", which amounts to evaluate the energy of the ground state with the formula
where, following Berry's notation,
Here Z + 1 (2) is estimated using a semiclassical approximation for the higher part of spectrum. In this way Berry has obtained the lowest energy of certain two dimensional billiards within a 1% error.
The approach followed by Berry is particularly convenient in our case, both because we have at our disposal explicit formulas for the spectral zeta functions at integer positive values, and because we know the first few terms of the asymptotic behavior of the spectrum of the string 3 . We may generalize Eq. (21) to
where q = 1, 2, . . .; notice that since Z(q) > Z + 1 (q), one recovers Eq. (19) in the limit q → ∞, neglecting Z + 1 (q). The procedure followed by Berry may also be applied to the calculation of the eigenvalues of the excited states: in this case the energy of the n th state is obtained as
3 The asymptotic behavior of the spectrum of an inhomogeneous string with Dirichlet boundary conditions is En ≈ A 1 n 2 + A 2 + A 3 /n 2 + . . .. The coefficients A 1 and A 2 may be obtained using the WKB method; in Ref. [22] we have discussed a method which allows one to obtain A 3 and higher order coefficients.
For example, the second eigenvalue is obtained using Eq.(23) and it reads:
Notice that as long as the Z + n (q−n+1) are evaluated exactly, these equations are also exact; for sufficiently large q (with q ≫ n), Z + n (q − n + 1) may be estimated accurately using the asymptotic behavior of the spectrum.
In Appendix B we show that, for n → ∞, for any of the boundary conditions considered
where ǫ n are the eigenvalues of a homogeneous string of length a and σ(x) ≡ x −a/2 Σ(y)dy. Notice that, for the case of Dirichlet-Dirichlet boundary conditions, this formula provides the coefficients A 1 and A 2 of ref. [22] .
Thus we are interested in calculating the semiclassical approximation to Z + n (s), which we callZ + n (s):
For instance, for s = 1:
Explicit expressions for s = 2, 3, . . . can be also obtained, although we do not report them here.
When we use the formulas above setting β = 0 we obtain the interesting relations:Z
which have the same form of eqs. (16), (17), (18) apart from σ(a/2) 2 ↔ a 2 Σ . We will now discuss a different method to obtain accurate approximations to the energy of the fundamental mode of an inhomogeneous string of arbitrary density. As we have seen, it is possible to obtain explicit expressions for the sum rules Z(n) corresponding to different boundary conditions: the only limitation to the calculation of Z(n) is the factorial growth of the number of terms in G contributing to Z(n) when n is large and the difficulty in performing analytically the integrations over the coordinates x 1 , . . . , x n .
If we assume that this complications may be overcome up to some N , then one has a sequence of sum rules, Z(1), Z(2), . . . , Z(N ), which can be used to obtain a sequence of approximations to E 1 , as explained before.
It is easy to convince oneself that the terms in this sequence converge exponentially to E 1 : for example, we notice that for s ≫ 1, we have
where we have only kept the leading correction. A similar behavior can also be inferred for the sequence of ratios Z(s)/Z(s + 1):
Notice that the lower bound is more accurate than the upper bound. Sequences with transient behavior of this kind can be efficiently extrapolated using the Shanks transformation [23] : in this way, starting with the sequence of values of Z(n) −1/n one obtains a new sequence
which converges more rapidly to E 1 . The new sequence has N − 2 terms. Notice that the Shanks transformation can be applied repeatedly, as long as the sequence at one's disposal has at least three terms. Therefore, one can in principle obtain a large gain in precision by eliminating several transient behaviors from the original sequence. The advantage of this procedure is that we are dealing with exact sum rules and therefore we do not have to worry about round-off errors which would necessarily be present in a numerical calculation: moreover, the Z(n) are calculated explicitly as functions of the physical parameters in the problem and therefore the Shanks transformation will also provide an analytical expression in terms of the physical parameters.
We will see several applications of this method in the following section.
Applications

Isospectral strings
Isospectral strings are strings with different densities, but with the same spectrum. A well known example was discovered long time ago by Borg [24] ; this string has a density
with α > −1. Borg proved that for α > −1, all the strings have the same Dirichlet spectrum of a string of constant density, corresponding to α = 0. Using the sum rules obtained before it is easy to see that these strings are only isospectral to the uniform string for Dirichlet boundary conditions. As a matter of fact already for s = 1, the sum rule for Neumann-Neumann, Neumann-Dirichlet, Dirichlet-Neumann and periodic-periodic all depend on α:
This result can be better understood noticing that the average density of the string depends on α: Σ = α 2 +3α+3
3α+3 . Gottlieb has proved in Ref. [25] that, given a string of length a and with density Σ(x), the strings with densitỹ
with
are isospectral to the first string for Dirichlet bc. Notice that ξ(x) maps the interval (−a/2, a/2) onto itself. The case discussed by Borg is a special case of eq.(43) and corresponds to Σ(x) = 1. It is now easy to check the isospectrality of the strings with Dirichlet bc: it is essential to notice that for the transformation of eq.(44)
Using this property we may express the spectral zeta function for the string with density eq.(43) at arbitrary integer values n as
where we have used the notation Z This results holds for arbitrary integer n and arbitrary real α > −1 and it is consistent with the isospectrality of the two strings.
It is straightforward to see that the Green's functions corresponding to different boundary conditions do not obey the transformation (45) and therefore they are not isospectral.
Notice that starting from order 2 the sum rules for Neumann bc contain a non polynomial dependence on α. For example
We do not report here higher order sum rules because of their lengthy expressions. In Fig 3 we plot the bounds for the energy of the fundamental mode of the Borg string with Neumann boundary conditions as function of the parameter α. The shaded area is the allowed region. The bounds are obtained using the sum rules of order 3 and 4.
An exactly solvable string
We consider a string of density
which belongs to a family of inhomogeneous strings first studied by Horgan and Chan [26] . The frequencies of these strings can be calculated with arbitrary precision, since they are solutions to a trascendental equation. In Ref. [22] we have calculated the first 10000 Dirichlet eigenvalues of the string (47), each with a precision of 200 digits. Using these numerical results, we have extracted the leading asymptotic behavior of the Dirichlet spectrum of this string
The first three coefficients of this expansion were also obtained analytically using a WKB-perturbation expansion, developed in Ref. [22] .
We can now use these numerical and analytical results to test our sum rules; using Eq. (9) with the help of Mathematica we obtain the exact sum rules for Dirichlet boundary conditions: The factor log(2) in these expressions is related to the average density of the string, Σ = (2). Notice that the largest sum rule obtained here corresponds to a diagrammatic expansion involving 20160 inequivalent diagrams.
In Table 1 we report the error
num (q), where
and E (num) k are the numerical Dirichlet eigenvalues previously calculated in Ref. [22] and E (asym) k are given by Eq.(48). In Table 2 we report the estimates of E (DD) 1 using Eqs. (19) and (23), where Z +(DD) 1 (q) is approximated withZ +(DD) 1 (q). The underlined digits are exact. In Table 3 we report the estimates of E (DD) 1 using repeated Shanks transformations of the sequence in the second column of Table 2 corresponding to Eq. (19) .
In Table 4 we report the estimates of E (DD) 1 using repeated Shanks transformations of the sequence in the third column of Table 2 corresponding to Eq.(23). The energy of the fundamental mode is obtained with 17 digits of precision.
A string with rapidly oscillating density
We consider a string with density [27] , obtaining the asymptotic behavior of the Dirichlet spectrum for ǫ → 0 + using the WKB method. More recently, these results have been reproduced in Ref. [22] , using an alternative approach, developed by the author: in particular, the energy of the fundamental mode, which had been calculated by Castro and Zuazua to order ǫ 4 has been obtained in Ref. [22] to order ǫ 5 and reads
In Fig.4 we plot the upper and lower bounds obtained with the sum rules of order 4 and 5 for the energy of the fundamental mode of the string (50) with Dirichlet boundary conditions as function of ǫ. In Fig.5 we compare the exact asymptotic behavior of E (DD) 1 for ǫ ≪ 1 of Eq.(51) with the approximation obtained using the Shanks transformation
In particular for ǫ → 0 + we have S ≈ 4.9347 − 0.1543ǫ Notice that S has the correct asymptotic behavior for ǫ → 0 + , with coefficients which approximate remarkably well the exact coefficients. Notice also that the lower bound Z (DD) (5) −1/5 is more precise than the upper bound
. This behaviour is consistent with Eqs.(36) and (37). In the case of Neumann boundary condition the exact asymptotic behavior for ǫ → 0 + of the fundamental mode of the string (50) is not known. It is however straightforward to obtain rigorous upper and lower bounds for this energy, using the exact sum rules. In Fig. 6 we show the bounds obtained using Z (N N ) (3) and Z (N N ) (4), and the Shanks transformation obtained using using 
Therefore we see that for Neumann boundary conditions the fundamental mode of the string is more sensible to the rapid oscillations of the density: as a matter of fact, E (N N ) 1 contains a term of order ǫ. This term includes an oscillatory contribution cos 2π ǫ ; in the case of Dirichlet boundary conditions the dependence on ǫ starts at order ǫ 2 , while the oscillatory contributions only start at order ǫ 3 . In other words, it is easier to observe the periodicity of the density looking at the Neumann rather than Dirichlet spectrum of the string.
Conclusions
We have obtained explicit expressions for the sum rules involving the eigenvalues of strings with arbitrary density for different boundary conditions and we have provided simple diagrammatic rules which allow one to obtain the expression corresponding to a given order. Despite the factorial growth of the number of diagrams to a given order, we have derived general expressions up to order 9, corresponding to 20160 diagrams, using Mathematica.
These sum rules can be used to obtain precise bounds on the lowest eigenvalue of the string. A more accurate determination of this eigenvalue can then be obtained taking into account the known asymptotic behaviour of the spectrum and by performing repeated Shanks transformations of the sequence of approximations. Since we deal with exact results, no numerical instability due to round-off errors is ever present. In this way we have been able to obtain the Dirichlet eigenvalues of a particular string, first discussed by Horgan and Chan, with 17 digits of precision.
For the case of the Borg string, we have proved that the sum rules reduce to the analogous sum rules for a homogeneous string only for Dirichlet boundary conditions. Therefore the Borg string is isospectral to the homogeneous string only in this case.
For the case of a string with rapidly oscillating density, we have used the sum rules to obtain bounds on the lowest eigenvalue: in the case of Dirichlet boundary conditions we have verified that the sum rule approximate very well the exact asymptotic behaviour of this eigenvalue for arbitrarily rapid oscillations of the density, providing the exact functional dependence on the physical parameter ǫ. We have then applied the same method to study the lowest eigenvalue for Neumann bc, for which the exact asymptotic result is not available, showing that it is more sensible to the oscillations of the density.
The extension of these results to higher dimensions is treated in a companion paper [2] .
The Green's function is obtained as
and Eq.(A.1) follows from the completeness of the basis ψ (N N ) nu (x) . Notice that this expression is formally divergent, because of the zero mode which is present in the Neumann spectrum. However the eigenfunction corresponding to n = 0 and u = 1 is a constant.
The derivation of an explicit expression for G (N N ) (x, y) requires a careful discussion because of the presence of the zero mode. Let us write
Therefore, for x = y one must have
(A.14)
To ensure that the rhs of Eq.(A.1) is obtained we also need to impose that The Green's function is obtained as
(y)
In this case the same considerations done for the case of Neumann bc apply and we haveḠ Taking into account thatǫ n ∝ n 2 for n → ∞, we see that the Ψ n (x) tend to become eigenfunctions ofÔ in this limit; we can therefore introduce the operator We can now apply perturbation theory and calculate the corrections to the eigenvalues of the string, treating the second term inÔ as a perturbation: . . . = . . . We can thus read off the asymptotic coefficients A 1 and A 2 of the string; the calculation of the higher order coefficients can be performed in a similar way. For the reader interested in this calculation we refer to Ref. [22] , where we have derived the analytical expression for A 3 (see Eq.(53)). Therefore 
